Let (P t ) t 0 and (P t ) t 0 be two diffusion semigroups on R d (d 2) associated with uniformly elliptic operators L={ } (A{) and L ={ } (A {) with measurable coefficients A=(a ij ) and A =(a~i j ), respectively. The corresponding diffusion kernels are denoted by p t
p -operator norm bound, where p # [1, ] , for P t &P t in terms of the local L 2 -distance between a ij and a~i j . This implies in particular that | p t (x, y)& p~t(x, y)| converges to zero uniformly in (x, y) # R d _R d and that the L p -operator norm of P t &P t converges to zero uniformly in p # [1, ] when a ij &a~i j goes to zero in the local L 2 -norm for each 1 i, j n. where A(x)=(a ij (x)) 1 i, j d is a measurable perturbation of the identity matrix I d_d . When the impurities are tiny (that is, when A is very``close'' to I d_d ), it seems quite natural to use H(t, x, y) as an approximation for the fundamental solution p(t, x, y) of Eq. (1.1). But how good is this approximation? Or can one get a quantitative bound on the difference |H(t, x, y)& p(t, x, y)| in terms of the local L 2 distance (see (1.4) below for its definition) between A and I d_d ? This is the main problem that will be addressed in this paper. In fact we will study this type of stability problem for uniformly elliptic operators of divergence form with measurable coefficients.
Let L={ } (A{) and L ={ } (A {) be two uniformly elliptic operators of divergence form on R d with measurable coefficients. Let * 1 be a constant such that * &1 I d_d A( } )=(a ij ( } )) *I d_d and * &1 I d_d A ( } )=(a~i j ( } )) *I d_d . Let P t =e tL and P t =e tL be the diffusion semigroups of L and L , respectively. It is well known that P t and P t have density kernels p t (x, y) and p~t(x, y) with respect to the Lebesgue measure, which are called diffusion kernels (see, for example, [5] ). Furthermore, by Aronson's inequality and Nash's Ho lder estimate for diffusion kernels, there are constants for all t>0 and (x, y), (x 1 , y 1 ) # R d _R d . Nash's Ho lder estimate (1.3) implies the compactness of all fundamental solutions of the uniformly elliptic operators in divergence form on R d with the same elliptic constant *. However, it is not a simple matter to show that the semigroups converge when the diffusion matrices converge. Stroock and Zheng [24] gave an example that shows in general that the convergence of the diffusion semigroup does not follow from the weak convergence of the diffusion matrix A. Let G : = 0 e &:t of L. Kato [14] and Davies [4] showed that the resolvent operator G n : will converge strongly in
when the diffusion matrix A n (x) converges monotonically to A(x) for almost every x # R d . By Trotter's theorem, this implies that the corresponding semigroups converge strongly in L 2 -space (see also [6, 17, 25] [2] that there is a constant # 0 =# 0 (D, *) such that for # # (# 0 , ) and p>dÂ2+dÂ#,
In this paper we will establish a quantitative upper bound estimate for 
(1.4)
Note that A and A are bounded, and therefore the topologies induced by
are equivalent for any q # [1, ). The main results of this paper are described as follows. Theorem 1.1. There is a bounded, piecewise continuous function F 1 (t, z) on (0, )_(0, ) with lim z Ä 0 F 1 (t, z)=0 for each t>0 that depends only on d and the ellipticity constant *, such that for any p # [1, ], we have
See (5.7) below for the explicit expression of the function F 1 .
A similar result is also established in this paper for &P
. In fact, we prove the bounded domain case first; then we use it to derive an estimate of &P t &P t & 2 via a localization argument. This, together with Nash's Ho lder estimates (1.3), enables us to establish the following pointwise estimate. Theorem 1.1 is finally proved using this pointwise estimate. Theorem 1.2. There is a bounded, piecewise continuous function F 2 (t, z) on (0, )_(0, ) with lim z Ä 0 F 2 (t, z)=0 for each t>0 and a constant c>0, both of which depend only on d and *, such that
. See (5.4) below for the explicit expression of the function F 2 .
By integrating with respect to t of the estimates in Theorems 1.1 and 1.2, we can get the L p -operator norm estimates as well as the pointwise estimate of the difference between Green's functions on R d . In this paper, we restrict our consideration to diffusion semigroups and kernels. However, our results can be used to study weak convergence rate for symmetric diffusion processes under coupling distance (or the Kantorovich Wasserstein distance). We refer interested readers to [26] for details.
We emphasize that the results presented here yield a much stronger conclusion for the weak convergence of the associated symmetric diffusions. Indeed Theorems 1.1 and 1.2 imply particularly that | p t (x, y)& p~t(x, y)| converges to zero uniformly in (x, y) # R d _R d and that the L p -operator norm of P t &P t converges to zero uniformly in p # [1, ] when a ij &a~i j goes to zero in the local L 2 -norm. The rest of the paper is organized as follows. In Section 2, we prove two inequalities, which might be known to experts, but nevertheless play important roles in our approach. In Section 3, we derive bounds on &P (6.16 ) below for precise meaning), the finite difference scheme is used to approximate the density function p t (x, y),
where h is the step tending to 0 (see, e.g., [1, 8, 22] ). The most appealing case to probabilists is when p h t (x, y), x, y # hZ d is the transition density function for some Markov chain on h Z d , which has many applications to the numerical solution of stochastic control problems, to the stochastic filtering problem (cf. [16] ), and to the numerical solution of stochastic partial differential equations (cf. [10] ).
The diagonal dominant assumption is not a restriction to the symmetric operators L under study in this paper (see Stroock and Zheng [24] for their method of taking away this hypothesis.) We are interested in studying how the roughness of the coefficients
We first study the rate estimate when [a ij ( } ), 1 i, j d] are smooth. The convergence rate in the smooth case is more or less known, but what we need is the quantitative dependence on the coefficients. A crucial step in deriving our convergence rate estimate for less smooth diffusion coefficients is the estimates given by Theorem 1.1.
Let
Since A( } ) is bounded and measurable, it follows from Littlewood's prin-
tends to 0 as y Ä 0 for any bounded domain D. We classify its order further in terms of the power of | y|, i.e., Ho lder continuity. A function
.
(1.5)
The main result of Section 6 is 
The precise form of : and the construction scheme for Q h t can be found in Section 6.
In the sequel, for two real numbers a, b, we use
PRELIMINARIES
In this section, D is an arbitrary domain in R d
. Let (E, F) and (E , F ) be Dirichlet forms on L 2 (D) associated with operators of divergence form L={ } (A{) and L ={ } (A {) with zero Dirichlet boundary condition on D. For definitions and properties of Dirichlet forms, we refer readers to [7] . Note that by the uniform ellipticity assumption on A and A , F=F =W 1, 2 0 (D). The associated semigroups are denoted by (P t ) t 0 and
The last inequality is due too the fact that \e
where u=P t f &P t f.
The above identity (2.1) is called Duhamel's formula in some literatures. Let u=P t f &P t f, which is in W 1, 2 0 (D) for any t>0. Then by Lemma 2.1,
Thus if taking p=1 and q= in Lemma 2.2, one has for f # L 2 (D) and t>0, 
Now by Lemma 2.2,
c 1 ?
This completes the proof of Theorem 3.1 for :=2 case after letting c(2)=c 1 ?(*Â2e) 3Â2 and noting that the restriction on p is transformed into for q>q 0 where
Now we are going to treat general :>1. It is well known (cf. [5] ) that P t and P t have integral kernels p(t, x, y) and p~(t, x, y) and that there is a constant c=c(d, *)>1 such that p(t, x, y) ct for all x, y in D. For :>2, let :$ be the conjugate number for :. Note that 
_ : 
with infinitesimal generator L and L respectively. Then the diffusion semigroups P t =e tL and P t =e tL are just the transition semigroups of X and X . We use P 
, there is a constant c 2 =c 2 (d, *)>0 such that for x # B k , P x (t>{ D k ) c 2 exp(&dÂc 2 t). Let :$ denote the conjugate number for :. Then for x # B k ,
Theorem 4.1 now follows by integrating both sides of (3.7) over 
there is a constant q 0 =q 0 (d, *)>1 such that for q>q 0 and each : 2, there is a constant c(:)=c(d, *, q, :)>0 (see Remark 2) such that for each
Denote the right hand side of (4.4) by m(t) for simplicity. Then by 
The right hand side of (4.3) is not a good estimate for large t. However, P t and P t are contractions in L : (R d ) for each : 1 (cf. [7] ); therefore, for t, s>0, 
Theorem 4.3 is thus proved after letting C=c 3 . K
DISTANCE BETWEEN TWO DIFFUSION KERNELS ON R d
Let V(r) denote the Lebesgue measure of a ball with radius r in R d . That is V(r)=| d r d . The constant c in the rest part of this paper, though does not change its dependence, its value may change from line to line.
, for all t>0.
Proof. Note that
However, by (1.3),
This proves Theorem 5.1 after choosing r so that
. K Combining Theorem 5.1 with Eq. (1.2), we have
Using the simple fact that min[a, b] -ab for any a, b 0, we get that there is a constant c=c(d, *)>0 such that
Thus we have proved
There is a constant q 0 =q 0 (d, *)>1 such that for any q>q 0 there are constants c=c(d, *)>1 and C=C(d, *, q)>1 so that for
and for t>t 0 ,
Remark 4. Integrating above inequalities with respect to t gives pointwise estimates on |G : (x, y)&G : (x, y)| for : 0.
Proof of Theorem 1.2. Fix a q>q 0 . Since *
&1
I d_d A=(a ij ( } )) *I d_d , we have by (1.4) and Ho lder inequality that 
There is a constant q 0 =q 0 (d, *)>2 such that for any q>q 0 , there are constants C 0 =C 0 (d, *)>1 and C=C(d, *, q)>1 such that for any p # [1, ], we have (5.5)
Thus by (5.5),
Letting p A , one can easily see that the above inequality is also valid for p= . By Theorem 4.3, when t t 0 ,
and for t>t 0
Plugging these into inequality (5.6) completes the proof of this theorem. K
Proof of Theorem 1.1. It suffices to take 
where (a ij (x))=A(x)=(_(x)) 2 .
Lemma 6.1. Let :>0 be a constant. Suppose that _(x), b(x) satisfy the conditions
and
Then there are constants C and +, independent of : and f, such that
| and Q t is the semigroup generated by L.
Proof. Set
Consider the stochastic differential equation
where
T is a standard d-dimensional Brownian motion on some probability space (0, F, P), and w 0 t =t, _ 0 (x)=b(x). The expectation on (0, F, P) is denoted by E. It is well known (see [15] ) that under the above conditions, x t exists for all t 0. The strong solution
T , as a function of x is almost surely continuously differentiable till third order. Denote
Taking the differentiation with respect to x in (6.7), we have
Let p 2. By Burkholder, Davis, and Gundy's inequality,
and therefore, by Gronwall's lemma,
for 0 t 1, (6.9)
where and until further mentioned, C and + are two generic constants independent of : and f.
] with respect to x, we obtain that
i.e.
Taking the differentiation with respect to x in (6.8), we have Let e i denote the unit vector of R d in the i th direction. We introduce the following discretization for L. The set of real-valued functions defined on R where 9($, h) satisfies
9($, h) C;,
where and in what follows, C and + denote constants independent of h, ;, and g. Using (6.19) to expand f (x+he i +he j ), f (x&he i &he j ), and so on in (6.17), we have
where ;$<; is a constant depending on ;, $ and *. 
